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Abstract
Recently proposed double trace deformations of large N holographic CFTs in four di-
mensions define a one parameter family of quantum field theories, which are interpreted
in the bulk dual as living on successive finite radius hypersurfaces. The transformation of
variables that turns the equation defining the deformation of a four dimensional large N
CFT by such operators into the expression for the radial ADM Hamiltonian in the bulk is
found.
This prescription clarifies the role of various functions of background fields that appear
in the flow equation defining the deformed holographic CFT, and also their relationship to
the holographic anomaly.
The effect of these deformations can also be seen as triggering a generalized gradient flow
for the fields of the induced gravity theory obtained from integrating out the fundamental
fields of the holographic CFT. The potential for this gradient flow is found to resemble the
two derivative effective action previously derived using holographic renormalization.
1 Introduction
The holographic duality geometerizes the renormalization group flow of quantum field theories.
In the cases where the bulk theory is classical general relativity coupled to some matter fields
for example, the radial evolution in the bulk is equated to the renormalization group flow in the
boundary theory.
In the Wilsonian renormalization group, the scale associated to (effective) quantum field
theories is identified with its cutoff. The beta functions and anomalous scaling dimensions of
various operators can be deduced from the response of the quantum field theory to varying this
cutoff. It is tempting to identify the radial coordinate with this cutoff scale and consider the
families of holographic quantum field theories that arise from varying this scale as well. In [1],
[2] attempts were made to identify the radial cutoff in the bulk with the Wilsonian momentum
cutoff on the field theory side. What seems however to work better to identify with the radial
cutoff in the bulk, is a position space cutoff on the field theory side as emphasized in [3], [4].
In order to sharpen this intuition, a specific means of implementing a cutoff in holographic
conformal field theory (CFT) which corresponds to putting a bulk cutoff at finite radial distance
must be identified. The basic idea is that there are certain double trace deformations of the
holographic conformal field theory which, in addition to certain functions of background fields,
drive a flow on the space of quantum field theories that in the bulk is translated into the radial
development generated by the normal component of the Einstein equations Gnn. This in fact
is the Arnowitt–Deser–Misner (or ADM) Hamiltonian of the theory (see [5]) that one obtains
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from first foliating the bulk with hypersurfaces of constant radius and performing the Legendre
transform.
Specifically, given the irrelevant nature of these deformations, they are driven to zero under
the action of the renormalization group. In terms of the dual theory, this is to be interpreted
as running in tandem with outwards radial development from a truncated AdS space of finite
radius to one with an asymptotic boundary.
A complementary way to view what is happening is by associating to the RG scale the
energy of some probe in this truncated bulk spacetime. At high enough energies, such a probe
would be sensitive to the cutoff surface or finite boundary. At lower energies however, as it
probes the deep interior of this spacetime, the fact that the boundary is at finite radius becomes
increasingly unimportant, and for a low enough energy probe, the boundary might as well be
at infinity. This is a dual statement to the fact that the CFT, dual to the asymptotically AdS
spacetime sits at the end of an RG flow that starts at the quantum field theory obtained from
deforming said CFT by the aforementioned irrelevant operators.
In the context of pure gravity in the bulk of AdS3, such a method was first proposed in [6]
and then it was pointed out that more double trace deformations are indeed needed to capture
the dynamics of fields other than the metric in the bulk in [7]. The effect of a related, irrelevant
single trace deformation performing a similar role in the AdS3/CFT2 context was also considered
in [8], [9]. Then, the higher dimensional generalization of this deformation was considered in
[10], and specialized to the context of holographic theories in [11]. It was generalized in the
holographic context further in [12] where the role of various background fields were also taken
into account.
The prescription of the authors of [12] is to define the effective field theory’s generating
functional through the following flow equation (in two, three or four dimensions):
∂lnZeff
∂λ
= −
ˆ
dDx
√
gX, (1)
X =
(
Tµν + aDr
D−2
c C˜µν
)2 − 1
D − 1
(
T µµ + adr
D−2
c C˜
ν
ν
)2 − rDc
Dλ
(
t˜µµ −
R˜
16πG
− aDC˜µµ
)
. (2)
Here, Tµν denotes the energy momentum tensor, the quantity C˜µν depends on the curvature
tensors of the background geometry with metric gµν . The constant rc denotes the radius in the
bulk corresponding to the cutoff surface, and the constant aD stands for
1
8πG(D−2) . The re-scaled
Ricci scalar is denoted R˜ = rD−2c R and the tensor t˜µν is a function of sources other than the
metric that are also turned on.
A brief explanation for why the scale associated with these double trace deformations can
also be seen as a cutoff in energy for the deformed holographic quantum field theory is necessary
at this point. Following the authors of [12], consider the theory defined on a simple geometry,
namely a square torus of length L, and let us momentarily turn off sources other than the
metric.1 Also assume that there is no momentum carried in the state in which the energy
momentum tensor’s expectation values are evaluated. In this situation, the energy density is
given by the expectation value of one of the components of the energy momentum tensor. This
can be integrated up to find the energy E(L, λ) of the system and it is found to be
E(L, λ) =
(D − 1)LD−1
2Dλ
(
1−
√
1− 4DλEo(L)
(D − 1)LD−1
)
, (3)
where Eo(L) denotes the energy of the underformed CFT. This function hits a square root
singularity at E∗ = (D−1)L
D−1
4Dλ , after which the energies take imaginary values. The idea is to
1This can be done more generally, as the authors of [12] show, however, for the purpose of illustrating the role
of λ as a cutoff scale, this setting is sufficient
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discard all energies above E∗ and treat this value of the energy as a cutoff. In fact, this equation
could also be used to write λ as (D−1)L
D−1
4DE∗ which clarifies its role as a cutoff scale.
This expression arises from taking the radial bulk Hamiltonian constraint in AdS space and
identifying the metric on a constant radius hypersurface in the bulk with r2cgµν , the momentum
conjugate to this metric with
√
g((r2−Dc T µν−(D−1)gµν(x, r = 0))+adC˜µν), and the parameter
λ identified as
λ =
4πG
rcD
. (4)
This allows us to rewrite the derivative ∂
∂λ
in terms of the derivative ∂
∂rc
in the left hand side
of (1). For the full list of identifications, see [12]. The above equation is guaranteed to give
rise to the right kind of bulk physics although it is unclear what the underlying coarse graining
mechanism is that gives rise to such a flow.
In what follows an alternative prescription to the one above is presented through which
flow equations similar to the one above are derived for four dimensional, large N , holographic
conformal field theories. The advantage of the approach presented here is that the functions
of background fields appearing in (1) are shown to arise from certain cancellations rather than
being posited in the definition of the effective field theory. The route taken is to start from the
definition of a conformal field theory deformed by certain double trace operators:
∂lnZ
∂λ
=
ˆ
d4x
√
g
(
−µ〈TT 〉 − κ
2
〈OO〉
)
−A[g, φ], (5)
where gµν(x) and φ(x) are sources for the operator T
µν and O(x) respectively. The functional
A[g, φ] is the integrated conformal anomaly. The reason why it appears here is that when the
deformation parameters µ and κ are set to zero, the flow equation reduces to the statement
that the conformal field theory in the presence of arbitrary background fields is anomalous
under scale transformations. The scalar double trace deformation is formed from the single
trace scalar operator O(x) which couples to source φ(x), and its expectation value is denoted
by 〈OO〉. Similarly, 〈TT 〉 denotes the expectation value of the following operator:
TT (x) ≡ (GµνρσT µνT ρσ) (x), (6)
where Gµνρσ = gµ(ρgσ)ν − 13gµνgρσ is the de Witt supermetric in four dimensions.2
The operator (6) is the same as the one proposed by Taylor in [11] as the higher dimensional
generalizations of the two dimensional T T¯ deformation introduced in [13], [14].
In the large N limit, the expectation value of the double trace operators factorizes:
〈TT 〉 = Gµνρσ〈T µν〉〈T ρσ〉, 〈OO〉 = 〈O〉2, (7)
and so the equation that we will use reads
∂lnZ[g, φ]
∂λ
= −
ˆ
d4x
√
g
(
µGµνρσ〈T µν〉〈T ρσ〉+ κ
2
〈O〉2
)
−A[g, φ]. (8)
The left hand side can be rewritten as follows
∂lnZ[g, φ]
∂λ
=
ˆ
d4x
√
g
(
βµν(g, φ)
δ
δgµν
+ βφ(g, φ)
δ
δφ
)
lnZ[g, φ]. (9)
where the flow functions are defined as:
βµν(g, φ) =
∂gµν
∂λ
, βφ(g, φ) =
∂φ
∂λ
. (10)
2I will assume tentatively that an appropriate regularization prescription has been chosen to define these
double trace operators but this will not feature in anything to follow because I will be using large N factorization
to make sense of the expectation values of the operators in the above flow equation.
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Similar flow functions are defined in [3] although the beta functions there also depend on the ex-
pectation values of the deforming operators, and lead in a different manner to RG flow equations
that can be mapped into the bulk Hamiltonian and momentum constraints.
Going back to our flow equation (9), the exercise now is to find an appropriate change of
variables so that the equation
ˆ
d4x
√
g
(
βµν(g, φ)
δ
δgµν
+ βφ(g, φ)
δ
δφ
)
lnZ[g, φ] =
−
ˆ
d4x
√
g
(
µGµνρσ〈T µν〉〈T ρσ〉+ κ
2
〈O〉2
)
−A[g, φ], (11)
can be rewritten as the radial Hamiltonian of a gravitational theory in one higher dimension. In
doing so, we will find that the flow functions (10) must take a very particular form.
2 From the deformation equation to the bulk Hamiltonian
The response of the quantum field theory of interest under the infinitesimal change of scale
associated to the addition of the scalar and stress tensor double trace deformations is expressed
by (11). The change in λ should translate into the change in the radial cutoff in the bulk, which
strictly speaking translates into a normal deformation of an embedded constant radius hyper-
surface, namely the boundary. Such transformations, on the phase space of general relativity
coupled to scalar matter say, are generated by constraint equations.
The phase space is parameterized by (gµν(x, r), φ(x, r), π
µν (x, r), pφ(x, r)), i.e. the metric
on the hypersurface and its conjugate momentum in addition to the value of a scalar field on
the hypersurface and its momentum, and the constraints that compose the ADM Hamiltonian
of general relativity read:
H(N) =
ˆ
d4xN(x)
{−1√
g
(
Gµνρσπ
µνπρσ + p2φ
)−√g(−(∂µφ∂µφ)
2
+R+ V (φ)
)}
= 0, (12)
Hµ(ξ
µ) =
ˆ
d4xξµ(x) (∇νπµν + pφ∇µφ) = 0, (13)
Htot = H(N) +Hµ(ξ
µ). (14)
Here, (N, ξµ) denote lagrange multipliers for these constraints.
The scalar function (12) is the constraint associated to normal deformations of a constant
radius hypersurface, i.e. the Poisson brackets of phase space functions with this constraint yields
the transformation law for said functions under hypersurface orthogonal deformations generated
by a diffeomorphism of the ambient spacetime (on shell). Similarly, the vector constraint (13)
generates through its Poisson brackets with functions on phase space the deformations tangential
to the hypersurface, or in other words, the diffeomorphisms tangential to the hypersruface.
The fact that these constraints generate the deformations of hypersurfaces generated by a
diffeomorphism of the ambient spacetime is encoded in the Poisson algebra of the constraints.
This algebra reads as follows:
{H(N),H(M)} = Hµ(gµν(N∂νM −M∂νN)), (15)
{H(N),Hν(ξν)} = −H(ξµ∂µN), (16)
{Hµ(ξµ),Hν(ζν)} = Hµ([ξ, ζ]µ). (17)
Here, the bracket [, ] is the Lie bracket of vector fields on the hypersurface.
These relations reflect the commutator algebra (as pointed out in [15]) obtained from de-
composing a spacetime vector field vA (where the capital latin index runs over the D+1 dimen-
sions of spacetime) into components normal and tangential to the constant radius hypersurface:
4
vA = vnn
A + vA‖ , where n
A is the normal to the hypersurface and the vector vA‖ has indices
only tangential to the hypersurface. Then, the action of the diffeomorphism transformation is
generated by the constraints smeared as (H(vn),Hµ(v
µ
‖ )).
Thus, the flow equation (11) should be translated into the scalar constraint (12) through an
appropriate change of variables. The aim of this section is to find this change of variables.
It will help to start by turning off the scalar deformation sourced by φ and consider just the
stress tensor sector of the theory, which in the bulk corresponds to pure gravity.
2.1 Pure gravity in the bulk
In this case, the flow equation (11) reads
ˆ
d4x
√
gβµν(g)
δlnZ[g]
δgµν
=
ˆ
d4x
√
gσ(x)βµν(g)〈T µν〉 =
=
ˆ
d4x
√
g (−µGµνρσ〈T µν〉〈T ρσ〉)−A[g]. (18)
The aim is to convert this into the radial Hamiltonian constraint of general relativity operating
in one higher dimension. The idea is to identify the theory’s background metric with the metric
induced on a constant radius hypersurface and relate the one point function of the energy
momentum tensor in a general background to the momentum conjugate to this metric.
The latter is what we will pay attention to here. The discrepency between the energy
momentum tensor’s one point function and the momentum is captured by the ambiguity in
adding local counterterms. By counterterms here, I am referring to local functionals of the
source, here the metric, and its derivatives that are added to the generating functional. These
aren’t added in order to cancel any divergences although in the limit where the regularization
is removed, this would be their purpose. In other words:
√
g〈T µν〉 = πµν + δS[g]
δgµν
. (19)
Plugging this into the flow equation leads to the following equation:
ˆ
d4x
√
g
(
βµνπ
µν + βµν
δS[g]
δgµν
)
=
=
ˆ
d4x
√
g
(
− µ√
g
Gµνρσπ
µνπρσ + 2µGµνρσπ
µν δS[g]
δgµν
− µGµνρσ δS[g]
δgµν
δS[g]
δgρσ
)
−A(g). (20)
First, we require the cancellation of the term linear in the momentum. This gives us the following
gradient condition:
βµν(g) = 2µGµνρσ
δS[g]
δgρσ
. (21)
The first term on the left hand side cancels against the second term on the right hand side.
Then, we also see that the second term on the left hand side reads
βµν
δS[g]
δgµν
= 2µGµνρσ
δS[g]
δgµν
δS[g]
δgρσ
. (22)
And, the flow equation then reduces to
ˆ
d4x
√
g
(
− µ√
g
Gµνρσπ
µνπρσ + µGµνρσ
δS[g]
δgµν
δS[g]
δgρσ
)
−A(g) = 0. (23)
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The integrated Weyl anomaly for four dimensional conformal field theories takes the form:
A[g] =
ˆ
d4x
√
g
( c
3
− a
)
R2 + (−2c+ 4a)RµνRµν + (c− a)RµνρσRµνρσ, (24)
Then, recalling that the theory we are dealing with is holographically dual to general rela-
tivity, requires a = c, as discovered in [16]. So, we have
A[g] =
ˆ
d4x
√
g2a
(
RµνRµν − 1
3
R2
)
≡ aA(a=c)[g]. (25)
For the function S[g], if we take the Holographic counterterm of [17], i.e.3
S[g] =
3
ℓ
(ˆ
d4x
√
g
(
1 +
ℓ2R
6
))
, (26)
then we find that first, the anomaly term cancels against the following term:
A(a=c) =
ˆ
d4x
√
gGµνρσ
δ
(´
d4x
√
gR
)
δgµν
δ
(´
d4x
√
gR
)
δgρσ
, (27)
if the identification µℓ
2
4 = a is made. This form of the a = c anomaly also appeared in [18].
Recalling that a = π
2ℓ3
8G , for supergravity in AdS5×S5 which is dual to N = 4 Super Yang-Mills
theory at large N , the relation found here implies that µ = π
2ℓ
2G .
A caveat is in order at this point: note that the correct counter-term to use at asymptotic
infinity is the one presented in [19] that involves in addition to what is above a logarithmically
divergent (as the asymptotic boundary is approached) term that multiplies a fourth derivative
term arising from the anomaly itself. Thus an additional canonical transformation which involves
the addition of that counter term must be performed before taking the asymptotic limit of
quantities defined in the setup considered here in order to avoid divergences that would otherwise
arise in the action on shell.
Then, the remaining terms in (23) organise themselves into
H = −
ˆ
d4x
(
Gµνρσπ
µνπρσ√
g
−√g
(
R+
12
ℓ2
))
= 0. (28)
This is nothing but the Hamiltonian constraint of five dimensional general relativity with a
negative cosmological constant, smeared against unit lapse. We also have the vector constraint
density:
∇µπµν = 0, (29)
that follows from the covariant conservation of the stress tensor, and can be integrated against
an arbitrary shift vector field to obtain the constraint.
The flow function now reveals that the boundary metric satisfies a generalized Ricci flow
equation:
βµν(g) = µ
(
1
ℓ
gµν +
ℓ
2
(
Rµν − 1
6
Rgµν
))
. (30)
This is similar to what was found in [20] and [21].
3Again, this is just a local function that has the same form as the Holographic couterterm, but it isn’t added
with the intention to cancel any divergences, because at a finite radius boundary, there aren’t any.
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2.2 Including the scalar matter
In this section, the effect of adding a double trace scalar operator deformation to the above
setup is considered. The effect of adding this deformation in the bulk is similar to that of the
stress tensor double trace deformation in that it regulates the theory on the boundary in a way
that corresponds to pulling the boundary to a finite radius.
First, note that the source φ(x) of the single trace scalar deformation is also space dependent
and hence it contributes towards the anomaly, and for holographic theories it reads:4
A[g, φ] =
ˆ
d4x
√
g
(
α(φ)RµνRµν − γ(φ)R2 + ζ(φ)∂µφ∂µR+ η(φ)R(∂µφ∂µφ)+
+ ξ(φ)∂µφ∂νφ
(
Rµν − 1
2
Rgµν
)
+ λ(φ)∇2φ∇2φ+ χ(g, φ)µνρσ∂µφ∂νφ∂ρφ∂σφ
)
. (31)
Then the various functions are found in terms of those that go into the definition of the
function S[g, φ] that specifies the canonical transformation relating the one point function of O
to the momentum pφ conjugate to the source φ in the bulk Hamiltonian.
Recall that the flow equation now looks like:
−
ˆ
d4x
√
g
(
βµν(g, φ)
δ
δgµν
+ βφ(g, φ)
δ
δφ
)
lnZ[g, φ] =
= −
ˆ
d4x
√
g
(
µGµνρσ〈T µν〉〈T ρσ〉+ κ
2
〈O〉2
)
+A[g, φ]. (32)
Like in the pure gravity case, we make the identification
√
g〈O〉 = pφ − δS[g, φ]
δφ
, (33)
in addition to the identification made of the momentum conjugate to the metric made in the
previous section.
The flow equation then becomes
ˆ
d4x
(
βµν(g, φ)
(
πµν − δS[g, φ]
δgµν
)
+ βφ(g, φ)
(
pφ − δS[g, φ]
δφ
))
=
ˆ
d4x
(
−µGµνρσ√
g
(
πµν − δS[g, φ]
δgµν
)(
πρσ − δS[g, φ]
δgρσ
)
− κ
2
√
g
(
pφ − δS[g, φ]
δφ
)2)
−A[g, φ].
(34)
then, like in the gravity case, we set:
βφ(g, φ) = κ
δS[g, φ]
δφ
. (35)
Then, the final expression for the bulk Hamiltonian reads
ˆ
d4x
(
−µGµνρσ√
g
πµνπρσ − κ p
2
φ
2
√
g
)
=
−A[g, φ] +
ˆ
d4x
(
µGµνρσ
δS[g, φ]
δgµν
δS[g, φ]
δgρσ
+
κ
2
(
δS[g, φ]
δφ
)2)
. (36)
4See [22] the form of the scalar source and metric dependent anomaly in general CFTs
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Given that the scalar field (like any matter field) couples to gravity with a strength set by
Newton’s constant which has been set to unity, and that there is no other scale involved in this
coupling requires µ = κ. Then we divide throughout by µ and absorb the remaining factor of it
in the denominator of the term involving A[g, φ] by redefining the as yet undetermined functions
in its definition. This equality is significant, as it implies that there is just one scale associated
to the total double trace deformation. More will be said about this condition in the discussion.
In order for the momentum independent part of the above constraint equation to be of the
form
√
g
(
− (∂µφ∂µφ)2 +R+ V (φ)
)
, the potential S[g, φ] can have two derivatives of the sources
at most.
The ansatz made is
S[g, φ] =
ˆ
d4x
√
g (X(φ) + U(φ)R + P (φ)(∂µφ∂µφ)) . (37)
If we require the cancellation between the anomaly and the square of the derivatives of this
functional present in the momentum independent terms of (36), then the flow equation now
reads as the Hamiltonian constraint for the five dimensional bulk gravity- scalar system:
ˆ
d4x
{
− 1√
g
(
Gµνρσπ
µνπρσ +
p2φ
2
)
−√g
(
1
2
∂µφ∂
µφ+R+ V (φ)
)}
= 0, (38)
provided the following superpotential like relations are satisfied:(
X ′2
2
− X
2
3
)
= V,
(
U ′X ′ − UX
3
)
= 1,
(
PX ′
)′ − PX = 1. (39)
As promised before, the functions in the anomaly are related to the functions in the defintion of
S, i.e.
χ(g, φ)µνρσ = P
2
(
gµ(ρgσ)ν − gµνgρσ
)
, α(φ) =
U2
2
(40)
γ(φ) =
(
U2
3
− U
′2
2
)
, ζ(φ) = PU ′ (41)
η(φ) = (PU ′)′, ξ(φ) = PU, λ(φ) =
P 2
2
. (42)
This analysis reproduces a part of the results obtained in [18] where a completely generic scalar
coupled to AdS gravity was first considered. In all these expressions, the prime denotes partial
differentiation with respect to φ, i.e. ()′ ≡ ∂φ(). Note that in deriving these conditions, many
integrations by parts have been carried out and boundary terms have been discarded.
Some of these relations are identical to those derived previously in the context of holographic
renormalization (in say, [23]). The flow function for the scalar field can also be interpreted as the
beta function for the renormalization group flow triggered by the addition of the deformation.
To leading order in perturbation theory, the beta function takes the form
βφ(g, φ) ∝ (4−∆)φ+ · · · , (43)
where ∆ is the conformal dimension of the operator O. This implies that the function X(φ) is
given to leading order by:
X(φ) = −6
ℓ
− 1
2ℓ
(4−∆)φ2 + · · · (44)
The reason for the specific numerical factor in the φ independent part and the factors of ℓ being
where they are is to ensure that the bulk potential computed through the relation:
V =
X ′2
2
− X
2
3
=
12
ℓ2
− 1
2
∆(∆− 4)φ2
ℓ2
+ · · · (45)
8
becomes the appropriate cosmological constant in the pure gravity Hamiltonian constraint when
φ→ 0.
Also, note that the mass-conformal dimension relationship
m2 =
∆(∆− 4)
ℓ2
, (46)
has been recovered. So, for example, when ∆ = 4, i.e. when O is marginal, the bulk scalar field
is massless and minimally coupled.
The expression of diffeomorphism invariance tangential to the hypersurfaces in this coupled
system, takes the form:
∇νπµν + pφ∇µφ = 0, (47)
which is the vector constraint in the bulk, whose form follows again from the Ward identity
associated to diffeomorphism invariance of the holographic theory coupled to the metric and
scalar sources.
2.3 Closure and Cancellation
Now we see that the key feature of the holographic anomaly which allows us to convert the flow
equation (11) into the constraint equation (12) is the following property:
A[g, φ] −
ˆ
d4x
(
Gµνρσ
δS[g, φ]
δgµν
δS[g, φ]
δgρσ
+
1
2
(
δS[g, φ]
δφ
)2)
=
=
ˆ
d4x
√
g
(
−1
2
(∂µφ∂µφ) +R+ V
)
. (48)
This holds, provided the relations (39)-(42) all hold. In fact, these relations were derived above
by requiring (48) to hold, which in turn came from wanting to transform the flow equation (11)
into the constraint (12).
We could however have chosen to derive this relation from an alternative, yet equivalent
demand. Namely, starting from (11) and making the appropriate change of variables, we are led
to (36), which I reproduce here:
H =
ˆ
d4xN(x)
{
− µGµνρσ√
g
πµνπρσ − κ p
2
φ
2
√
g
+
+
(
A[g, φ]− µGµνρσ δS[g, φ]
δgµν
δS[g, φ]
δgρσ
− κ
2
(
δS[g, φ]
δφ
)2)}
= 0. (49)
Note that independently of this equation, we are granted the vector constraint (47), which simply
follows form the diffeomorphism Ward identity of the energy momentum tensor and the scalar
source.
Without assuming that the final expression for the scalar constraint should take any partic-
ular form, but simply that its Poisson algebra closes, i.e. that
{H(N),H(M)} ≈ 0, (50)
where the symbol ≈ here denotes equality on the sub-space of phase space where the constraints
are satisfied 5, implies that the relation (48) must hold. This is guaranteed by a theorem proven
in [24] and strengthened further in [25]. The assumptions that go behind the theorem are simply
5The right hand side of (50) is in general some combination of the constraints H(N) and the vector constraint,
and so it vanishes when they are satisfied. In the language of constrained Hamiltonian dynamics, satisfying this
closure property qualifies constraints to be ‘first class’.
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that the vector constraint holds and that the momentum dependent part of the scalar constraint
is quadratic and ultralocal. Although it was proven there for the pure gravity case, it is not
hard to see that for the case at hand, where the scalar field’s kinetic term in the Hamiltonian
takes the form
p2
φ
2
√
g
, the potential term has to contain a derivative independent potential V (φ)
in addition to the term − (∂µφ∂µφ)2 in order to close at all.
Note that the closure condition (50) is in fact weaker than the statement of the Poisson
algebra (16)-(17). There, the specific combination of constraints that vanish on the right hand
side of (50) and the corresponding structure functions (as opposed to constants due to the field
dependence) are also known. Thus, the condition (50) is not quite the same as demanding
the emergence of bulk diffeomorphism invariance which is what is encoded in (16)-(17). It is
the non-linear generalization of the requirement that five dimensional general relativity only
propagate the spin two modes of the graviton in addition to the coupled scalar field.
That being said, the uniqueness of the form of the constraint functions that satisfy (50) given
(47) implies that the only way to satisfy the closure condition is in the manner general relativity
does, i.e. (16). In other words, there is something unique about how the diffeomorphism
invariance tangential to an embedded hypersurface gets promoted to the full diffeomorphism
invariance of the ambient spacetime, at least at the level of the constraints that generate the
corresponding transformations on phase space.
The requirement that the momentum dependent ‘kinetic term’ in the constraint equation be
quadratic and ultralocal, i.e. of the form
− Gµνρσπ
µνπρσ√
g
− p
2
φ√
g
, (51)
is equivalent to the statement that the radial velocities in the bulk of the fields gµν and φ are
at most linear in the momenta. In other words:
√
g
(
βµν(g, φ) −∇(µξν)
)
= πµν − 1
2
gµνπ
ρ
ρ,
√
g(βφ(g, φ) − ξν∇νφ) = pφ. (52)
This feature of the flow was also noted in [12], and follows directly from the structure of the
double trace deformations being added, and is not sensitive to the background fields organising
themselves into any particular form, which is what (48) reflects. We see here however that these
two features are intimately related through the closure condition.
In the rest of this article, βφ(g, φ), βµν (g, φ) are interpreted not just as beta functions for
the holographic quantum field theory, but also as the flow functions of the gradient flow regu-
larization applied to the induced gravity theory obtained from integrating out the fields of this
quantum field theory.
3 Generalized gradient flows and holography
One way to think of the holographic duality is that it operates between quantum field theories
in D dimensions and gravitational theories in D + 1 dimensions. However, when arbitrary
background sources are turned on in the quantum field theory, there is an alternative statement
of the duality which is seemingly more mundane, but perhaps still illuminating. First, one
interprets the generating functional of the quantum field theory in the presence of said sources,
metric included, as a non-local induced gravity theory. Then, the holographic duality implies
that this D dimensional non-local induced gravity theory and the D+1 dimensional theory, i.e.
general relativity coupled to matter fields with negative cosmological constant, are equivalent to
each other. This way of thinking about the duality was emphasised in [26].
This section aims to explain how this duality manifests when the boundary is at finite radius.
The key mechanism behind this version of the duality will be the generalized gradient flow, that
will be discussed briefly in what folllows.
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The gradient flow ([27], [28]) is a method to regulate the correlation functions of composite
operators of various quantum field theories in the coincidence limit. The idea is to append an
additional dimension to the space on which the quantum field theory lives, and declare that the
dependence of the fields of the theory on this additional dimension are dictated by gradient flow
conditions. It was introduced in the context of Yang-Mills theory but can be applied to more
general quantum field theories as well.
3.1 How gradient flows lead to smearing
To illustrate the idea, consider the simple example of applying it to the O(N) non-linear sigma
model in two dimensions.6. The action for the theory reads
S[σ] =
1
2g2
ˆ
d2x
(
hab(σ)
(
∂µσ
a∂µσb
))
, (53)
where the fields σa(x) are multi component scalars and the metric hab(σ) is given by the inverse
of
hab(σ) = δab − σaσb. (54)
The generalized gradient flow method for regularizing the divergences in correlators of composite
operators in the contact limit starts by appending an additional dimension to the two dimensional
space on which the field theory lives with an additional scale dimension λ: σa(x) → σa(x, λ).
Then, the dependence of the fields along this dimension is dictated by the flow equation
∂σa(x, λ)
∂λ
= −hab(σ(x, λ))δS[σ(x, λ)]
δσb
|σa(x)→σa(x,λ). (55)
The |σa(x)→σa(x,λ) denotes the boundary condition σa(x, λ = 0) = σa(x) at the boundary of
the three dimensional space. The potential driving this flow, S[σ(x, λ)] is the non-linear sigma
model action where the fields σa(x) are extended to the ‘flowed’ fields σa(x, λ).
Explicitly, the flow equation reads:
∂σa(x, λ)
∂λ
= ∂µ∂
µσa + σa(∂µσ
b∂µσb) +
σa(∂µσb)(∂µσb)
4(1− σcσc) , (56)
where the indices of the internal vector components are contracted with the metric hab(σ).
For simplicity, consider the linearization of the above equation. This takes the form of a heat
equation with the role of time being played by the flow parameter λ. The solution to the
linearized equation then implies that to leading order in λ, the dependence of σa(x, λ) on the
flow time is given by smearing the original fields σa(x) with the heat kernel:
σa(x, λ) = exp
(
λ
(
∂2
))
σa(x) + · · · (57)
The non locality associated to this smearing is what renders the correlators of composite oper-
ators built out of σa(x, λ) finite.
3.2 Gradient flows for the induced boundary gravity theory
The similarity between this general procedure and the holographic duality leads one to wonder
whether they coincide when applied to theories expected to possess holographic duals. This
was the focus of [29], [30], [31], [32] and [33], where the generalized gradient flow is applied
to the O(N) vector model, and various aspects of the holographic duality having to do with
reconstructing the bulk metric, understanding the effects of diffeomorphisms in the bulk and
even computing 1/N corrections to the cosmological constant were considered.
6The explanations here closely follow those in [28]
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Here the aim is more modest, unlike the work mentioned in the previous paragraph which
aims to understand the duality constructively through implementing the gradient flow, here we
just notice there are gradient flows hiding in finite radius holography as implemented through
the double trace deformations described in the previous sections. First, it would help to identify
which theory this procedure is being applied to. The equations
1
µ
∂gµν
∂λ
= Gµνρσ
δS[g, φ]
δgρσ
,
1
µ
∂φ
∂λ
=
δS[φ, g]
δφ
, (58)
certainly seem to have the structure of the generalized gradient flow equations barring the fact
that they are not describing the flow of the fundamental fields of the theory itself, but of its
sources. This motivated Jackson et. al. in [20] to call equations such as these ‘geometric RG
flow’ equations. However, if one considers the induced gravity theory in four dimensions that
arises from integrating out the fundamental fields of the CFT. It is obtained by computing the
generating functional as a function of the sources:
lnZ[g, φ] = Sind[g, φ], (59)
and interpret the resulting, non-local function of the metric and the other sources as the effective
action for a four dimensional gravitational theory. The holographic duality appears to really
coincide with applying the gradient flow regularization to this induced gravity theory, where the
dependence of its fields gµν and φ on the additional dimension parameterized by λ is given by
the equations (21) and (35).
The statement of the holographic correspondence in terms of this induced theory is fairly
straightforward at least at large N . It is just the statement that the effective action Sind[g, φ]
satisfies the Hamilton–Jacobi equations of general relativity in one higher dimension:
∂Sind[g, φ]
∂λ
= − 1√
g
(
Gµνρσ
δSind
δgµν
δSind
δgρσ
+
1
2
(
δSind
δφ
)2)
−√g
(
−(∂µφ∂
µφ)
2
+R+ V (φ)
)
= 0,
(60)
and therefore should be identified with the on shell action for the bulk theory. This was noticed
first by Liu and Tseytlin in [26], where checks at the level of the linearized theory in the bulk were
performed. The only novel insight here has to do with the radial development of the induced
theory leading to gradient flow conditions for the theory’s fundamental fields.
4 Conclusions and Discussion
Thus we find that the flow triggered by the addition of certain double trace deformations to the
action of four dimensional Holographic CFTs can be mapped to the Hamiltonian constraints for
gravity in five dimensional AdS space through the identifications:
√
g〈T µν〉 − δS[g, φ]
δgµν
= πµν ,
√
g〈O〉 − δS[g, φ]
δφ
= pφ, (61)
where the functional S[g, φ] is given by (37), and functions in its definition satisfy the relations
(39)-(39) and (41)-(42). It also drives gradient flows:
1
µ
∂gµν
∂λ
= Gµνρσ
δS[g, φ]
δgρσ
,
1
µ
∂φ
∂λ
=
δS[g, φ]
δφ
, (62)
which can be seen as the equations resulting from applying the generalized gradient flow regu-
larization procedure to the induced gravity theory obtained by integrating out the fundamental
CFT fields.
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The starting point for this analysis, namely the equation
∂lnZ[g, φ]
∂λ
=
ˆ
d4x
(
−µGµνρσ〈T µν〉〈T ρσ〉 − κ
2
〈O〉2
)
+A[g, φ], (63)
is a statement that the large N holographic CFT is deformed by the stress tensor and scalar
double trace deformations fails to be scale invariance due to both the expectation values of
these operators in addition to the conformal anomaly, as mentioned above. However, the other
assumption being made to justify this expression is that the only scales that enter the problem are
those associated to these double trace deformations and no other. There is no guarantee that this
should be the case, especially since the stress tensor double trace deformation, and depending on
the scaling dimension of the scalar operator, also its double trace deformation are irrelevant and
typically, irrelevant deformations once turned on trigger an infinite number of other increasingly
irrelevant deformations. In other words, the statement that only a finite number of scales,
associated to each of the possibly irrelevant deformations added to the Holographic CFT is a
nontrivial assumption.
In order to successfully transform this equation into the scalar constraint for a one higher
dimensional gravitational theory, we also saw how it was necessary to equate κ and µ. This can
be seen as a translation of the statement of universal gravitational coupling. This means that
the equivalence principle in the bulk requires a stronger assumption than the one just mentioned
in the previous paragraph, namely that somehow there is really just one scale associated to the
finite set of double trace deformations added to the holographic CFT.
The fact that general covariance and the equivalence principle imply nontrivial restrictions
on the properties of the flow of the dual theory on the boundary should come as no surprise.
In the lower dimensional example of the T T¯ deformed large c holographic CFTs, the statement
of emergent general covariance in the bulk, when translated into a property of the local renor-
malization group flow of the holographic theory, results a in a condition which ‘protects’ the
fact that there is just one scale associated to the irrelevant T T¯ deformation that is introduced.
See [34] for details. So covariance in the bulk seems to have some important relationship to the
regularization of the holographic CFT being such that the only the scale associated to the dou-
ble trace deformations are introduced. This consequently implies that the addition of a special
subset of irrelevant operators doesn’t trigger an infinite number of other more irrelevant oper-
ators thereby leading to a proliferation of scales. More generally, the codification of emergent
of bulk diffeomorphism invariance in local Holographic RG flows is through what is called the
holographic Wess–Zumino consistency condition [35].
It would help to generalize the above construction to holographic theories in any number
of dimensions, but given the necessity of the conformal anomaly and its cancellation against
the ‘square’ of the functional derivatives of counterterms in this article, a more straightforward
generalization would just be to understand the role of such double trace deformations in all
even dimensional holographic theories. Furthermore, the works [7], [11] and [12] considered also
vector sources which couple to gauge fields. This generalization too would be interesting to work
out.
The case of odd dimensional holographic theories is likely to be more involved because of the
absence of the conformal anomaly. The linchpin to obtaining the right structure of the radial
Hamiltonian in the bulk in this article was the partial cancellation between the ‘squares’ of
functional derivatives of S[g, φ] with respect to the sources (gµν , φ), and the conformal anomaly
in order to obtain the potential terms in the radial constraint. Without the anomaly to can-
cel against the higher derivative terms arising from squaring these functional derivatives, the
procedure described here cannot be used to obtain the right bulk Hamitlonian.
In the two dimensional T T¯ deformed holographic theories, the entanglement and Renyi en-
tropies were computed at large c in [36]. The entanglement entropy was found to match the
length of a geodesic running between appropriately identified points on the boundary of AdS3,
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and thus it seems like the Ryu–Takayanagi prescription generalizes to case of finite cutoff holog-
raphy in that setting. A perturbtive calculation of the entanglement entropy for a different state
and geometry was carried out in [37]. It would also be fruitful to study the entanglement prop-
erties of the four dimensional holgoraphic CFTs deformed by the double trace operators studied
in this article and check whether it is indeed the case that the Ryu–Takayanagi prescription
remains valid when there is a boundary at finite radius more generally.
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